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Consistent Higher-Order Dynamic Equations
for Soft-Core Sandwich Beams

Vladimir S. Sokolinsky∗ and Steven R. Nutt†

University of Southern California, Los Angeles, California 90089-0241

The consistent higher-order dynamic equations and the corresponding continuity and boundary conditions for
sandwich beams with a transversely flexible core are derived, with nonlinear acceleration fields in the core taken
into account. A discretized formulation based on an efficient implicit finite difference scheme is presented and
numerically validated. The higher-order analysis reveals that the dynamic magnitudes of normal stresses between
the face sheets and the core increase dramatically at the boundaries of a sandwich beam, whereas the values
remain at the level of response to quasi-static loading through the span, including the points of application of
localized loads. The present work provides an accurate and efficient tool for the analysis of sandwich beams with
a transversely flexible core subject to dynamic loads of arbitrary type, including the practical case of localized
dynamic excitation.

Nomenclature
Ab = cross-sectional area of the lower face sheet
Ac = cross-sectional area of the core
At = cross-sectional area of the upper face sheet
b = width of sandwich beam, bottom face

sheet/interface
c = height of the core
D = domain in the Euclidean space R

n

Dh = set of the finite difference grid nodes in D
Dt = time domain, subspace in R

D�t = discretized time domain
d = distance between the centroids of the face sheets
db = thickness of the lower face sheet
dt = thickness of the upper face sheet
Eb = Young’s modulus of the lower face sheet
Ec = Young’s modulus of the core
Et = Young’s modulus of the upper face sheet
f = cyclic frequency, ω/(2π)
f = vector-function of the external loads
Gc = shear modulus of the core
g = vector-function of the boundary conditions
h = height of sandwich beam
Ib = second moment of inertia of the lower face sheet
It = second moment of inertia of the upper face sheet
K = time-independent partial differential

operator in D
Kh = n × n finite difference stiffness matrix
k = time-independent partial differential

operator on ∂ D
L = length of sandwich beam
M = time-independent partial differential

operator in D
Mb(x, t) = localized moment load at the lower face sheet
Mh = n × n finite difference mass matrix
Mt (x, t) = localized moment load at the upper face sheet
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m = time-independent partial differential
operator on ∂ D

mb(x, t) = distributed moment load at the lower face sheet
mt (x, t) = distributed moment load at the upper face sheet
Nb(x, t) = localized longitudinal load at the lower face sheet
NL F = total number of localized loads applied to the

sandwich beam
Nt (x, t) = localized longitudinal load at the upper face sheet
nb(x, t) = distributed longitudinal load at the lower

face sheet
nt (x, t) = distributed longitudinal load at the upper

face sheet
Pb(x, t) = localized vertical load at the lower face sheet
Pt (x, t) = localized vertical load at the upper face sheet
pb(x, t) = distributed vertical load at the lower face sheet
pt (x, t) = distributed vertical load at the upper face sheet
p(x, 0) = vector-function of the initial values

of main unknowns
q(x, 0) = vector-function of the initial rate of change

of the main unknowns
r = n × 1 finite difference vector comprising external

loads in Dh and boundary conditions on ∂ Dh

T = kinetic energy of sandwich beam
TC = kinetic energy of the core
TF = kinetic energy of the face sheets
t = time coordinate, top face sheet/interface
uc(xc, zc, t) = longitudinal displacement of a point

within the core
u0b(xb, t) = longitudinal displacement of the centroid line

of the lower face sheet
u0t (xt , t) = longitudinal displacement of the centroid line

of the upper face sheet
V = potential energy of sandwich beam
VC = strain energy of the core
VF = strain energy of the face sheets
v(x, t) = 5 × 1 vector of the main unknowns u0b, u0t , wb,

wt , and τ
vh = n × 1 finite difference vector of unknowns
vhj = finite difference vector of unknowns

at the discrete time point j
v j

k = vector of unknowns at the kth grid node
and the discrete time point j

Wnc = work of nonconservative forces
wb(xb, t) = vertical displacement of the centroid line

of the lower face sheet
wb,x (xb, t) = rotation of the centroid line of the lower face sheet
wc(xc, zc, t) = vertical displacement of a point within the core

374



SOKOLINSKY AND NUTT 375

wt (xt , t) = vertical displacement of the centroid line
of the upper face sheet

wt,x (xt , t) = rotation of the centroid line of the upper face sheet
xb, yb, zb = local rectangular coordinates

of the lower face sheet
xc, yc, zc = local rectangular coordinates of the core
xt , yt , zt = local rectangular coordinates

of the upper face sheet
�t = size of the discrete time interval
δ = variation of function
δD(x − xi ) = Dirac delta function
∂ D = boundary of the domain D
∂ Dh = set of the finite difference grid nodes on ∂ D
ρb = material density of the lower face sheet
ρc = material density of the core
ρt = material density of the upper face sheet
σzz(xc, zc, t) = vertical normal stress in the core
τ(x, t) = shear stress in the core
ω = circular frequency

Subscript

x = differentiation with respect to xb, xt , or xc,
when preceded by comma

Superscript

¨ = second derivative with respect to time

I. Introduction

E FFICIENT design of modern lightweight structures requires a
thorough understanding of their dynamic behavior that is best

modeled by systems of partial differential equations.1

Frostig and Baruch2 derived partial differential equations to de-
velop a higher-order theory describing the free vibrations of soft-
core sandwich beams. The numerical structural analysis based on
their model does not resort to presumed vibration modes, accounts
for the interaction between the two face sheets and the soft core,
and allows much closer simulation of supports used in actual prac-
tice. These distinctive features of the higher-order theory presented
in Ref. 2 show important advantages over the existing sandwich
models3 for numerical simulation of the dynamic response of soft-
core sandwich beams.4

The core of a sandwich structure is regarded as transversely flex-
ible (soft) when the ratio of Young’s moduli of the face sheets to
the core is high. For structural sandwich panels, this ratio usually
lies between 500 and 1000. The characteristic property of sandwich
beams with a transversely flexible core is the vertical flexibility that
causes nonlinear longitudinal and vertical displacement patterns in
the core.2 The model of Frostig and Baruch2 is based on the dis-
placement fields, which vary nonlinearly with the height of the core,
both in the longitudinal and vertical directions. At the same time,
the acceleration fields of the core in the longitudinal and vertical
directions are assumed to vary linearly with height. In this respect,
the higher-order dynamic model in Ref. 2 is inherently inconsistent.

This inconsistency has only a minor effect on the accuracy of
the numerical results when simulating free vibrations of sandwich
beams because the inertia loads exerted on a freely vibrating sand-
wich beam are predominantly uniformly distributed along the struc-
ture (except in the vicinity of structural supports). The localized
nonlinearities arising in the vicinity of supporting points are small
and can be disregarded without loss of accuracy.

However, when some important practical cases are considered,
such as the free vibrations of delaminated sandwich beams5 or forced
response of sandwich beams subject to localized loads, limitations
of the model presented in Ref. 2 become apparent. In such cir-
cumstances, accounting for the nonlinear acceleration fields in the
transversely flexible core becomes essential for the analysis because
the inertia loads exerted on the sandwich beams are nonuniformly
distributed along the span.

The aim of the present paper is to develop a consistent higher-
order formulation that can be used for the analysis of soft-core sand-

wich beams subject to external dynamic excitations of any type,
including localized loads, and for the free vibration analysis of de-
laminated sandwich beams.

In what follows, a consistent higher-order dynamic formulation
for soft-core sandwich beams is developed in terms of the system
of governing partial differential equations and the corresponding
continuity and boundary conditions. Next, the discretization of the
derived continuous formulation based on the efficient implicit fi-
nite difference scheme is outlined, followed by a qualitative and
quantitative validation of the developed formulation. Finally, nu-
merical examples of the forced response of cantilevered and simply
supported soft-core sandwich beams subject to localized harmonic
loads are presented to illustrate numerical applications of the devel-
oped formulation.

II. Mathematical Formulation
A. Assumptions

The assumptions of the consistent higher-order formulation un-
der discussion follow in general the concept set forth in Refs. 6–8
(Fig. 1). According to this concept, the thin face sheets of a sand-
wich beam are modeled as ordinary beams with negligible shear
strains that follow Euler–Bernoulli assumptions and are subjected
to small deformations. The transversely flexible core layer is con-
sidered as an antiplane two-dimensional isotropic elastic medium
with small deformations where its height may change under loading
and its cross section does not remain planar (nonlinear displacement
fields in the core). Here an antiplane core implies that the Young’s
modulus in planes parallel to the face sheets is zero, but the shear
and Young’s moduli in planes perpendicular to the face sheets are
finite.9 The interface layers between the face sheets and the core are
assumed to be infinitely rigid, which provides perfect continuity of
the deformations at the interfaces.

In the consistent formulation under consideration, the static de-
formation fields of the face sheets and the core are generalized to
include time variation, which is a standard practice in structural
mechanics.10 Thus, the acceleration fields of the upper and lower
face sheets vary linearly with height, whereas the core accelera-
tion fields vary nonlinearly with height in both the longitudinal and
vertical directions.

Note that because the face sheets and the core of a sand-
wich structure are modeled using such fundamental mechanical

a) Geometry

b) Internal stresses and stress resultants

Fig. 1 Sandwich beam conventions.
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approximations as the beam model and the two-dimensional
isotropic elastic medium, respectively, all of the usual types of vis-
cous or structural damping can be readily incorporated in future
analysis.

B. Equations of Motion
The governing differential equations and the corresponding con-

tinuity and boundary conditions are derived here via application of
the extended Hamilton variational principle (see Ref. 11):∫ t2

t1

(δT − δV + δWnc) dt = 0, δv(t1) = δv(t2) = 0 (1)

The strain and kinetic energy of the isotropic face sheets, respec-
tively, read

VF = 1

2

∫ L

0

(
E At u

2
0t,x + E Itw

2
t,xx + E Abu2

0b,x + E Ibw
2
b,xx

)
dx (2)

TF = 1

2

∫ L

0

{[
ρt At

(
u̇2

0t + ẇ2
t

) + ρt It ẇ
2
t,x

]

+ [
ρb Ab

(
u̇2

0b + ẇ2
b

) + ρb Ibẇ
2
b,x

]}
dx (3)

Reissner6 has shown that if the core is assumed to be antiplane,9

the two partial differential equations describing equilibrium can be
uncoupled and solved analytically for the longitudinal and vertical
displacements (also see Refs. 7 and 8). The resultant expressions,
which are generalized here to include the time parameter, are

uc(xc, zc, t) = zc

Gc
τ − z2

c(3c − 2zc)

12Ec
τ,xx − z2

c

2c
wb,x

+
(

z2
c

2c
− zc − dt

2

)
wt,x + u0t (4)

wc(xc, zc, t) = − zc(zc − c)

2Ec
τ,x + zc

c
(wb − wt ) + wt (5)

Therefore, the strain and kinetic energy of the isotropic transversely
flexible core are

VC = 1

2

∫ L

0

b

[
c

Gc
τ 2 + c3

12Ec
τ 2
,x + Ec

c

(
w2

t + w2
b − 2wtwb

)]
dx

(6)

TC = 1

2

∫ L

0

bρc

{(
c3

3G2
c

)
τ̇ 2 +

(
13c7

5040
E2

c

)
τ̇ 2
,xx +

(
c3

20

)
ẇ2

b,x

+
[(

2

15

)
c3 +

(
dt

3

)
c2 +

(
d2

t

4

)
c

]
ẇ2

t,x + cu̇2
0t

−
(

7c5

120EcGc

)
τ̇ τ̇,xx −

(
c3

4Gc

)
τ̇ ẇb,x

−
[

2

(
5c3

24
+ c2dt

4

)/
Gc

]
τ̇ ẇt,x +

(
c2

Gc

)
τ̇ u̇0t

+
(

c5

45Ec

)
τ̇,xx ẇb,x +

[(
13c5

360
+ c4dt

24

)/
Ec

]
τ̇,xx ẇt,x

−
(

c4

12Ec

)
τ̇,xx u̇0t +

(
3c3

20
+ c2dt

6

)
ẇb,x ẇt,x −

(
c2

3

)
ẇb,x u̇0t

−
(

2c2

3
+ dt c

)
ẇt,x u̇0t +

(
c5

120E2
c

)
τ̇ 2
,x +

(
c

3

)
ẇ2

t +
(

c

3

)
ẇ2

b

+
(

c3

12Ec

)
τ̇,x ẇt +

(
c3

12Ec

)
τ̇,x ẇb +

(
c

3

)
ẇt ẇb

}
dx (7)

The work due to the nonconservative external forces acting on a
sandwich beam is

Wnc =
∫ L

0

{
nt (x, t)u0t + nb(x, t)u0b + pt (x, t)wt + pb(x, t)wb

+ mt (x, t)
∂wt

∂x
+ mb(x, t)

∂wb

∂x
+

i = NL F∑
i = 1

[Nti (x, t)u0t

+ Nbi (x, t)u0b + Pti (x, t)wt + Pbi (x, t)wb + Mti (x, t)wt,x

+Mbi (x, t)wb,x ]δD(x − xi )

}
dx (8)

The use of the extended Hamilton principle in Eq. (1) is justi-
fied only if there is kinematic compatibility in the longitudinal and
vertical directions between the face sheets and core at the top and
bottom interface layers of a sandwich beam. As shown by Benson
and Mayers,7 Eqs. (4) and (5) assure the vertical compatibility at
both interfaces and the longitudinal compatibility only at the up-
per interface layer. Thus, to ensure compatibility between the lower
face sheet and the core in the longitudinal direction, the following
condition must be added to the functional in Eq. (1):

uc(xc, zc = c, t) = u0b(xb, t) + (db/2)wb,x (xb, t) (9)

which, after the use of Eq. (4) and multiplication by b, yields the
following auxiliary condition:

bu0b − bu0t − (bc/Gc)τ + (
bc3

/
12Ec

)
τ,xx + [b(c + dt )/2]wt,x

+ [b(c + db)/2]wb,x = 0 (10)

The constrained variation of the Eq. (1) is accomplished using
the Lagrangian multiplier method.12,13 This procedure produces the
system of governing partial differential equations along with the
continuity and boundary conditions in terms of the longitudinal,
u0t and u0b, and vertical, wt and wb, displacements of the face
sheets, shear stress in the core, τ , and the Lagrange multiplier. The
Lagrange multiplier can be shown to be the shear stress τ in the core
(compare with Ref. 7) that permits representation of the higher-order
formulation in terms of the vector v(x, t) = {u0b, u0t , wb, wt , τ }.

Thus, the higher-order dynamic equations for sandwich beams
with a soft isotropic core and isotropic face sheets, which take into
consideration the nonlinear acceleration fields in the core, are

E At u0t,xx + bτ − ρt At ü0t − ρc Ac[(13/35)ü0t + (9/70)ü0b

− (1/210)(11c + 39dt )ẅt,x + (1/420)(13c + 27db)ẅb,x

+ (3/140)(c/Gc)τ̈ ] = −nt (11)

E Abu0b,xx − bτ − ρb Abü0b − ρc Ac[(9/70)ü0t + (13/35)ü0b

−(1/420)(13c + 27dt )ẅt,x + (1/210)(11c + 39db)ẅb,x

− (3/140)(c/Gc)τ̈ ] = −nb (12)

E Itwt,xxxx + (bEc/c)(wt − wb) − (1/2)b(c + dt )τ,x + ρt At ẅt

− ρt It ẅt,xx + ρc Ac

{
(1/210)(11c + 39dt )ü0t,x

+ (1/420)(13c + 27dt )ü0b,x + (1/3)ẅt

− (1/420)
(
4c2 + 22cdt + 39d2

t

)
ẅt,xx + (1/6)ẅb

+ (1/840)
[
6c2 + 13c(dt + db) + 27dt db

]
ẅb,xx

+ (1/840)(c/EcGc)[35cGc + Ec(2c + 9dt )]τ̈,x

} = pt − mt,x

(13)
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E Ibwb,xxxx − (bEc/c)(wt − wb) − (1/2)b(c + db)τ,x + ρb Abẅb

− ρb Ibẅb,xx − ρc Ac

{
(1/420)(13c + 27db)ü0t,x

+ (1/210)(11c + 39db)ü0b,x − (1/6)ẅt

− (1/840)
[
6c2 + 13c(dt + db) + 27dt db

]
ẅt,xx − (1/3)ẅb

+ (1/420)
[
4c2 + 22cdb + 39d2

b

]
ẅb,xx

− (1/840)(c/EcGc)[35cGc + Ec(2c + 9db)]τ̈,x

}= pb − mb,x

(14)

bu0t − bu0b − [b(c + dt )/2]wt,x − [b(c + db)/2]wb,x

− (
bc3

/
12Ec

)
τ,xx + (bc/Gc)τ + (Acρcc/EcGc)

× {(1/140)(14Gc − 3Ec)(ü0t − ü0b) − (1/840)

× [Gc(7c + 42dt ) − Ec(2c + 9dt )]ẅt,x

− (1/840)[Gc(7c + 42db) − Ec(2c + 9db)]ẅb,x

+ (1/210)(c/Gc)[21Gc − Ec]τ̈ } = 0 (15)

The first four equations just derived represent dynamic equilib-
rium in the horizontal [Eqs. (11) and (12)] and vertical [Eqs. (13) and
(14)] directions of the face sheets supported by a soft core. The fifth
equation [Eq. (15)] is a combination of the compatibility condition
in the longitudinal direction at the lower interface layer, which can
be verified by comparison between Eq. (10) and the first six terms
in Eq. (15), and the following identity resulting from the variational
procedure:

(Acρc/EcGc)
{
(1/140)c(14Gc − 3Ec)(ü0t − ü0b)

− (1/840)c[Gc(7c + 42dt ) − Ec(2c + 9dt )]ẅt,x

− (1/840)c[Gc(7c + 42db) − Ec(2c + 9db)]ẅb,x

+ (1/210)
(
c2

/
Gc

)
[21Gc − Ec]τ̈

} ≡ 0 (16)

By this means, the compatibility condition of Eq. (10) is obeyed in
the formulation.

The appearance of the identity of Eq. (16) in the formulation under
discussion is physically meaningful and is a result of the consistency
between the nonlinear displacement fields in the soft core and its
nonlinear acceleration fields. Therefore, in the present consistent
formulation (unlike Ref. 2), all of the dynamic equilibrium equations
contain the elastic and dynamic contributions, as anticipated on
physical grounds. This structure of the dynamic equations also has
advantages mathematically because one can effectively avoid the
rank deficiency of the resulting mass matrix differential operator, as
contained in Ref. 2.

The continuity conditions at any point x = xi along the span of a
sandwich beam consist of seven kinematic and seven natural con-
ditions through the cross section. The kinematic conditions express
the compatibility between the left (−) and right (+) sides of the
sandwich cross section at x = xi as follows:

u(−)

0t = u(+)

0t (17)

u(−)

0b = u(+)

0b (18)

w
(−)
t = w

(+)
t (19)

w
(−)

b = w
(+)

b (20)

w
(−)
t,x = w

(+)
t,x (21)

w
(−)

b,x = w
(+)

b,x (22)

τ (−)
,x = τ (+)

,x (23)

The natural continuity conditions at x = xi are

u(−)

0t,x − u(+)

0t,x = Nti/E At (24)

u(−)

0b,x − u(+)

0b,x = Nbi/E Ab (25)

w
(−)
t,xx − w

(+)
t,xx = Mti/E It (26)

w
(−)

b,xx − w
(+)

b,xx = Mbi/E Ib (27)

E It

(
w

(−)
t,xxx − w

(+)
t,xxx

)− (1/2)bdt

(
τ (−) − τ (+)

)− ρt It

(
ẅ(−)

t,x
− ẅ

(+)
t,x

)

+ ρc Ac

{
(1/210)(11c + 39dt )

(
ü(−)

0t − ü(+)

0t

)

+ (1/420)(13c + 27dt )
(
ü(−)

0b − ü(+)

0b

)

− (1/420)
(
4c2 + 22cdt + 39d2

t

)(
ẅ

(−)
t,x − ẅ

(+)
t,x

)

+ (1/840)
[
6c2 + 13c(dt + db) + 27dt db

](
ẅ

(−)

b,x − ẅ
(+)

b,x

)

+ (1/840)(c/Gc)(2c + 9dt )
(
τ̈ (−) − τ̈ (+)

)}

= −m(−)
t + m(+)

t − Pti (28)

E Ib

(
w

(−)

b,xxx − w
(+)

b,xxx

)− (1/2)bdb

(
τ (−) − τ (+)

)− ρb Ib

(
ẅ

(−)

b,x − ẅ
(+)

b,x

)

− ρc Ac

{
(1/420)(13c + 27db)

(
ü(−)

0t − ü(+)

0t

)

+ (1/210)(11c + 39db)
(
ü(−)

0b − ü(+)

0b

)

− (1/840)
[
6c2 + 13c(dt + db) + 27dt db

](
ẅ

(−)
t,x − ẅ

(+)
t,x

)

+ (1/420)
(
4c2 + 22cdb + 39d2

b

)(
ẅ

(−)

b,x − ẅ
(+)

b,x

)

− (1/840)(c/Gc)(2c + 9db)
(
τ̈ (−) − τ̈ (+)

)}

= −m(−)

b + m(+)

b − Pbi (29)

τ (−) − τ (+) = 0 (30)

Finally, seven boundary conditions for the upper and lower face
sheets, as well as for the core at the left (x = 0) and the right (x = L)
edges of the sandwich beam are, for the upper face sheet,

E At u0t,x = ξ Nt or u0t is prescribed (31)

E Itwt,xx = ξ Mt or wt,x is prescribed (32)

−E Itwt,xxx + (1/2)bdtτ + ρt It ẅt,x − ρc Ac

× {
(1/210)(11c + 39dt )ü0t + (1/420)(13c + 27dt )ü0b

− (1/420)
(
4c2 + 22cdt + 39d2

t

)
ẅt,x

+ (1/840)
[
6c2 + 13c(dt + db) + 27dt db

]
ẅb,x

+ (1/840)(c/Gc)(2c + 9dt )τ̈
} = ξ Pt + mt

or wt is prescribed (33)

For the lower face sheet,

E Abu0b,x = ξ Nb or u0b is prescribed (34)

E Ibwb,xx = ξ Mb or wb,x is prescribed (35)
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−E Ibwb,xxx + (1/2)bdbτ + ρb Ibẅb,x + ρc Ac

× {
(1/420)(13c + 27db)ü0t + (1/210)(11c + 39db)ü0b

− (1/840)
[
6c2 + 13c(dt + db) + 27dt db

]
ẅt,x

+ (1/420)
(
4c2 + 22cdb + 39d2

b

)
ẅb,x

− (1/840)(c/Gc)(2c + 9db)τ̈
} = ξ Pb + mb

or wb is prescribed (36)

For the core,

τ = 0 or τ,x is prescribed (37)

where ξ = −1 for x = 0 and ξ = 1 for x = L .
Notice that, through the derived formulation, the actual two-

dimensional problem in space is mathematically treated as one di-
mensional, which is of vital importance for the efficiency of numer-
ical analysis.

In the next section, an efficient finite difference scheme for nu-
merical solution of the derived consistent equations with arbitrary
boundary conditions is introduced. Notice, however, that the semi-
analytical approach, which uses harmonic assumptions through the
span for main unknowns, can be conveniently used to find the free
vibration response of a sandwich beam pinned at both upper and
lower face sheets.

III. Numerical Approach
The consistent higher-order dynamic equations and associated

boundary conditions derived in the preceding section can be repre-
sented in terms of differential operators as follows:

Mv̈ + Kv = f in D × Dt

mv̈ + kv = g on ∂ D × Dt

v = p,
∂v
∂t

= q in D at t = 0 (38)

In the present paper, finite differences are used to discretize the
consistent formulation in Eq. (1). The derivation of a discretized for-
mulation follows the methods decribed in Ref. 14. First, discretiza-
tion in the space (Dh ∪ ∂ Dh) × D�t is accomplished, leading to a
system of ordinary differential equations in time. For this purpose, a
central difference scheme with fictitious grid points is employed.15

The discretization in time is based on the implicit finite differences
scheme14 (.......), akin to the Crank–Nicholson method. The resulting
formulation, which is discretized in space and time, reads

2Mhϕhj + 1 + (�t)2Khϕhj + 1 = 2Mhvhj + (�t)2r j
k

v0
k = p0

k, v1
k = ϕ1

k + (�t)qk

v j + 1
k = 2ϕ j + 1

k − v j − 1
k (39)

The efficient time-marching scheme outlined earlier has been
implemented in dynamic modules of the computer code FSAN,
which are developed with the aid of the symbolic mathematical
software Maple.16 The computer code FSAN runs in the MATLAB®

software environment.17

As already mentioned, the present formulation is one dimensional
in space and, therefore, is numerically efficient. For comparison, the
finite element solution of this problem will require the use of three-
and two-dimensional elements for modeling the soft core and face
sheets, respectively, and very fine vertical and planar meshes in the
vicinity of the support zones and applied localized loads. Therefore,
using a finite element model to produce results comparable in ac-
curacy with the present formulation will require significantly more
intensive and costly numerical calculations.

IV. Confirmation of the Consistent Analysis
The consistent higher-order dynamic theory is verified here, first,

for free vibrations, and, second, for the forced response of a can-
tilever soft-core sandwich beam specimen, as shown in Fig. 2. The
length and width of the specimen are L = 260 mm and b = 59.9 mm.
The thickness of the face sheets is dt = db = 1.9 mm, and the height
of the core is c = 34.8 mm. The sandwich beam specimen is com-
posed of steel face sheets and a polymer foam core (Table 1). The
dimensions of the sandwich beam (wide beam) dictate the use of
plane strain assumptions. Consequently, Young’s moduli of the face
sheets and the core in Table 1 are divided by 1 − ν2, where ν is
Poisson’s ratio of the appropriate material, before they are used in
the analysis.9,18

A. Free Vibration Response
A detailed analytical and experimental study of the free vibration

response of the model sandwich beam in Fig. 2 was undertaken in
Ref. 19. The measured natural frequencies and the finite element
calculations from Ref. 19, and the numerical predictions based on
the assumptions of Ref. 2, are compared with the results of the
consistent analysis under consideration in Table 2.

Before the values in Table 2 are compared, note that the finite
element (FEM) models used in Ref. 19 were based on eight-node
plane strain quadrilateral elements, and these models did not ac-
curately predict the first three thickness-stretch (symmetric) modes
(modes 6–8 in Table 2). Moreover, because of the damping effects
in the foam core, it was only feasible to measure the upper and lower

Table 1 Mechanical properties of the cantilever sandwich
beam in Fig. 2

Young’s Shear
modulus modulus Poisson’s Density

Component Material E , GPa G, GPa ratio ρ, kg/m3

Face sheets Steel 210 81 0.30 7900
Core Divinycell H60 0.056 0.022 0.27 60

Table 2 Comparison of natural frequencies
of the cantilever sandwich beam in Fig. 2

Frequency, Hz

Mode Experiments5 FE5 Present theory Ref. 2

1 —— 165 165 165
2 544 512 512 511
3 950 913 912 910
4 1391 1379 1378 1373
5 1954 1939 1940 1928
6 —— 2476 2392 2393
7 2350–2400 2509 2395 2398
8 —— 2558 2425 2430
9 —— 2567 2524 2534
10 2511 2608 2612 2590

a) Elevation

b) Cross section

Fig. 2 Schematic of the cantilever sandwich beam specimen (dimen-
sions in millimeters).
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bounds of the frequency range occupied by the symmetric modes
6–9 (Table 2).19,20

Comparison of the results in Table 2 shows that the natural fre-
quencies of the shear vibration modes (antisymmetric modes 1–5
and 10) as predicted by the consistent analysis and the finite element
calculations are quite similar. The small difference between these re-
sults and the predictions of the simplified higher-order formulation2

grows with increasing mode number. Furthermore, the consistent
analysis predictions match the measured symmetric frequency range
more closely than both the finite element and the simplified higher-
order formulation.

As already mentioned, the simplified higher-order approach of
Ref. 2 can be used with confidence as far as the free vibration re-
sponse is considered. Note, however, that the difference between the

a) Large difference between the excitation and the first natural
frequency, ω/ω1 ∼ 0.1

b) Beat phenomenon, ω/ω1 = 0.87

c) Resonance, ω ∼ω1

Fig. 3 Time-domain response of the cantilever sandwich beam speci-
men in Fig. 2 subject to a localized harmonic load at the free end.

consistent and simplified higher-order predictions depends on the
particular sandwich beam layout and might be several times greater
than that in the present example.

B. Forced Response
A sandwich beam subject to harmonic loading can be generally

looked at as a simple undamped oscillator under the action of har-
monic excitation. The response of such oscillators is well known21

and can be used for the purpose of verification of the consistent
analysis under discussion.

The forced time-domain response for the cantilever sandwich
beam of Fig. 2 is considered in terms of the tip deflections of the

a) Layout

b) Time-domain response at the tip point of the upper face sheet for
the excitation ratio of ω/ω1 ∼ 0.6

Fig. 4 Cantilever sandwich beam with isotropic face sheets (dimen-
sions in millimeters and moduli in gigapascal).

a) Layout

b) Time-domain response at the midspan point of the upper face sheet
for the excitation ratio of ω/ω1 ∼ 0.6

Fig. 5 Sandwich beam with isotropic face sheets simply supported
at lower face sheet only (dimensions in millimeters and moduli in
gigapascal).
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Fig. 6 Displacement patterns of the cantilever sandwich beam in
Fig. 4a between the positive (t = 66.81 ms) and negative (t = 71.63 ms)
peaks of the displacement amplitude at the tip point (Fig. 4b).

a) Vertical displacements of the upper face sheet

b) Vertical displacements of the lower face sheet

c) Normal stresses in the upper interface

d) Normal stresses in the lower interface

Fig. 7 Comparison between the dynamic response of the cantilever sandwich beam in Fig. 4a at t = 66.81 ms (Fig. 6) and its static response at the tip
point: ——, dynamic response and - - - -, static response.

upper face sheet. The beam is subject to a harmonic localized (line)
load P(t) = 0.4 sin ωt , which is applied to the free end of the spec-
imen, and the response appears in Fig. 3. The three characteristic
cases of the forced dynamic response, which correspond to differ-
ent values of the excitation frequency, are considered. In the first
case, shown in Fig. 3a, the excitation frequency ω is much lower
than the fundamental frequency of the cantilever sandwich beam.
When there is only a small difference between the excitation fre-
quency and the fundamental frequency of the sandwich beam, a beat
phenomenon arises, as shown in Fig. 3b. Finally, when the excita-
tion frequency equal to the fundamental frequency of the specimen
(Table 2), the resonant case results, as shown in Fig. 3c.

Note that the static deflection of the upper face sheet under the lo-
calized load P = 0.4 kN is wt ∼ 2.19 mm. For comparison purposes,
this amplitude was kept unchanged for all of the cases in Fig. 3, de-
spite the fact that the resulting tip deflections for the beat and reso-
nance responses exceed the limit of the linear vibration assumptions,
that is, the tip undergoes large displacements in the cases of beat
and resonance responses. The results in Fig. 3 were obtained using
a finite difference grid with a constant 0.5-mm interval between the
grid points and a time interval of π/30 ms. Note particularly the
accuracy of the consistent higher-order solution for the computa-
tionally challenging case of the beat phenomenon, where the wave
(ωn + ω)/2 is modulated by the wave (ωn − ω)/2 (Ref. 21). The
period of the modulating wave of a simple undamped oscillator for
the frequency ratio used in the present example should be ∼94 ms,
which is closely matched in Fig. 3b.

V. Numerical Examples
In this section, examples of the forced response of soft-core sand-

wich beams subject to localized harmonic loads are presented to
illustrate numerical applications of the developed formulation. Two
important practical supporting cases are considered, including a can-
tilevered sandwich beam (Fig. 4a) and a sandwich beam simply
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supported at the lower face sheet only (Fig. 5a). The mechanical
properties of the face sheets correspond to an isotropic material
of density 4400 kg/m3, whereas those of the core correspond to
isotropic polymethacrylimide rigid foam of density 52.060 kg/m3.
(The free vibration analysis of these sandwich beams can be found
in Ref. 4.)

To ensure a high degree of accuracy for the numerical analysis,
the parameters of the finite difference scheme for both cases were

Table 3 Natural frequencies of the cantilever beam (Fig. 4a)

Mode Frequency, Hz

1 129.9930
2 491.4857
3 997.4323
4 1468.7678
5 1939.0854
6 2153.1610
7 2392.1546
8 2842.2138
9 3280.0866
10 3714.4100

Table 4 Natural frequencies of the sandwich beam
simply supported at lower face sheet only (Fig. 5a)

Mode Frequency, Hz

1 289.9949
2 696.7346
3 1099.1359
4 1459.4748
5 1617.5716
6 1940.0701
7 2353.2043
8 2780.5021
9 3192.3868
10 3621.7602

Fig. 8 Displacement patterns of the simply supported sandwich beam
in Fig. 5a between the positive (t = 57.81 ms) and negative (t = 60.00 ms)
peaks of the displacement amplitude at the midspan point (Fig. 5b).

a) Vertical displacements of the upper face sheet

b) Vertical displacements of the lower face sheet

c) Normal stresses in the upper interface

d) Normal stresses in the lower interface

Fig. 9 Comparison between the dynamic response of the simply sup-
ported sandwich beam in Fig. 5a at t = 57.81 ms (Fig. 8) and its static
response at the midspan point: ——, dynamic response and - - - -, static
response.
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chosen to satisfy the tests in Fig. 3, including the values of the
corresponding periods of motion. As a consequence, the numerical
results were obtained using a finite difference grid with a constant
0.5-mm interval between the grid points and a time interval of π/30
and π/60 ms for the first and the second example, respectively.

The time-domain response of a soft-core cantilever sandwich
beam subject to a localized sinusoidal load with amplitude 0.01 kN
and frequency ω = 0.5 rad/ms appears in Fig. 4b. (For reference, the
first 10 natural frequencies of this beam are given in Table 3.) Note
that the response in Fig. 4b is given in terms of the tip point displace-
ment of the upper face sheet. The representative dynamic displace-
ment patterns of the sandwich cantilever are given in Fig. 6. Figure 7
shows a comparison between the dynamic and static responses of
the cantilever sandwich beam in terms of the vertical displacements
of the face sheets and the normal stresses at the upper and lower in-
terfaces. The dynamic response is given for one of the time instants
where the local peak amplitude value is reached (Figs. 4b and 6).
The ratio between the dynamic and static displacement amplitudes
is high (∼2.36) because the frequency of the exciting force in this
example is ∼60% of the fundamental frequency of the cantilever
sandwich beam under consideration (Figs. 7a and 7b). Figures 7c
and 7d reveal that as a result of dynamic effects the normal (vertical)
stresses in the face sheet–core interfaces, which are responsible for
debonding failure of sandwich structures, increase dramatically at
the clamped end of the beam, whereas they remain nearly at the
level of response to quasi-static loading through the rest of the span,
including the loaded unsupported edge.

A sandwich beam simply supported only at the lower face sheet
appears in Fig. 5a. Note that this is the case of general boundary
conditions, namely, the support conditions vary through the beam
sections at the edges. The beam is excited at the midspan by the
localized sinusoidal load with amplitude 0.05 kN and frequency
ω = 1.1154 rad/ms. This frequency corresponds to the same ratio
between the excitation frequency and the fundamental frequency
of a sandwich beam as in the earlier example (Table 4). The time-
domain response of the sandwich beam in terms of the midspan
vertical displacement of the upper face sheet appears in Fig. 5b,
and the representative dynamic displacement patterns for this beam
between the two local peaks in the time-domain response are given
in Fig. 8. A comparison between the dynamic and static responses of
the simply supported sandwich beam under consideration appears
in Fig. 9. Unlike the earlier example, the difference between the
vertical displacements of the upper and lower face sheets under
the localized load is noticeable for both the dynamic and static
responses, which can be seen from comparison of Figs. 9a and 9b.
Furthermore, Figs. 9c and 9d show that, just as for the cantilever
sandwich beam, the normal interface stresses significantly increase
at the boundaries, whereas in the span, including the loaded middle
point, the values remain nearly at the level of response to quasi-static
loading.

VI. Conclusions
The consistent higher-order dynamic equations and the corre-

sponding continuity and boundary conditions for sandwich beams
with a transversely flexible core have been derived, taking into con-
sideration the nonlinear acceleration fields in the core. In addition,
a discretized formulation based on an efficient implicit finite differ-
ence scheme has been suggested and numerically validated.

A numerical study of the dynamic response of the cantilever and
simply supported sandwich beams subject to the localized harmonic
loads was undertaken. The study revealed that, as a result of dynamic
excitation, the magnitudes of normal (vertical) interfacial stresses at
the boundaries of a sandwich beam increase several times, whereas
their values remain nearly at the level of response to quasi-static
loading through the span, including the points of application of
localized loads.

The present work provides an accurate and efficient tool for the
analysis of sandwich beams with a transversely flexible core subject
to dynamic loads of arbitrary type, including the practically impor-
tant case of localized dynamic excitation. The use of the present
formulation permits the structural analyst to capture the localized
dynamic effects in a sandwich beam and to take into account closely
modeled support conditions and the interaction between the two
face sheets and core. This fidelity cannot be achieved using other
sandwich models that use presumed vibration patterns, nonrealistic
boundary conditions, and simplified assumptions for the dynamic
behavior of a transversely flexible core.
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